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The relation between entropy and the area of the event horizon of a quantum blak hole in four
dimensions is derived. The Reissner-Nordstrom metri for a non-rotating, harged blak hole is
shown to be modied by addition of a new
1
r
3 term arising from the strong interation . The
resulting entropy-area relation agrees with the Bekenstein-Hawking relation.
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1. INTRODUCTION
It has been a long standing problem to derive the Bekenstein-Hawking law that relates the entropy and area of the
event horizon of a blak hole, using statistial mehanis in terms of the mirostates of the blak hole. Classially, the
strong gravitational eld of a blak hole prevents the emission of any radiation from it and the entropy assoiated with
the blak hole is zero. However, the senario is hanged when the blak hole is treated as a quantum system. Quantum
mehanial tunneling through the potential barrier permits the reation of partile pairs from vauum in the strong
gravitational eld near the blak hole. This is analogous to the eletron-positron pair reation, from vauum, by very
strong eletri elds. Thus quantum blak holes an emit radiation into spae. This radiation has the harateristi
of blak body radiation. So, blak holes an be treated as thermodynami systems with temperature ( in geometrized
units, c = G = 1)
T =
κ
2pi
, (1)
where κ is the surfae gravity of the blak hole. When the mass of a blak hole inreases due to absorption of nearby
stars or due to ollision with other blak holes, it expands and the area inreases. The inrease in the mass of the
blak hole is related to the inrease in its area by
dM =
κ
8pi
dA, (2)
whereM is the mass of the blak hole and A is the area of its event horizon. In a thermodynami system, the inrease
in entropy and energy are related by
dE = TdS, (3)
where dE is the inrease in energy and dS is the inrease in entropy. Equations (1,2,3) suggest a relation between the
entropy and area of a blak hole as
κ
8pi
dA = T dS =
κ
2pi
dS,
whih leads to the Bekenstein-Hawking relation[1, 2℄
∗
Eletroni address: bdeoiopb.res.in
†
Eletroni address: prasantajenayahoo.om
2S =
A
4
, (4)
between entropy and area of a blak hole. Although this relation was obtained using thermodynami onsiderations,
it was not possible to alulate the entropy of the blak hole using statistial mehanis that relates the entropy with
the miro-states of the blak hole.
For a harged, non-rotating blak hole of mass M and eletri harge Q, the metri (whih will be given in detail
later) obtained by Reissner and Nordstrom [3, 4℄ as solution of Einstein's eld equation in a spherially symmetri
spae is given by
gtt = −
(
1− 2M
r
+
Q2
r2
)
, grr =
(
1− 2M
r
+
Q2
r2
)−1
, gθθ = r
2
and gφφ = r
2 sin2 θ. (5)
So, for the Reissner-Nordstrom metri gµν , the line element dτ is
dτ2 = gµνdx
µdxν = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (6)
If r0 and r1 are the solutions of the quadrati equation
(
1− 2M
r
+
Q2
r2
)
=
(
1− r0
r
)(
1− r1
r
)
= 0, (7)
so that r0 + r1 = 2M and r0r1 = Q
2
, we have
r0,1 = M ±
√
M2 −Q2. (8)
The equation(6) an now be reast, in terms of r0 and r1, as
dτ2 = −χ− 12 (r)
(
1− r0
r
)
dt2 + χ
1
2 (r)
[(
1− r0
r
)−1
dr2 + χ−
1
2 (r)r2
(
dθ2 + sin2 θdφ2
)]
, (9)
where
χ(r) =
(
1− r1
r
)−2
. (10)
The event horizon is at r = r0 and we get the metris
gθθ → r2
(
1− r1
r
)
and gφφ → r2 sin2 θ
(
1− r1
r
)
. (11)
So, the area of the blak hole omes out to be (author?) [5, 6℄
A =
 √
gθθ gφφ |r=r0 dθ dφ = 8pir0
√
M2 −Q2. (12)
The horizon with visible area is possible, i.e., A > 0, only if M > Q. On the other hand, for an extremal blak
hole, M = Q whih orresponds to vanishing of the area, i.e., A = 0. So, the relation between entropy and area of
a blak hole given by equation(4) an never be obtained. This failure of the metri of equation(6) to reprodue the
orret Bekenstein-Hawking entropy-area relationship(4) has prompted various attempts using D-branes(author?)
[6℄ to reah out from higher dimensions to four and the onept of extended horizon(author?) [8℄. Suh attempts
have been partially suessful.
3It is worth mentioning that in the metri omponents gtt and grr in equation(5), the term
2M
r arises from gravitation
and the term
Q2
r2 arises from eletromagneti interation, both of whih are at a weaker sale. It is natural to expet
an additional ontribution arising from strong interation eets that would modify the Reissner- Nordstrom metri
and give a term∼ 1r3 . Indeed this leads to the orret entropy-area relation for an extremal blak hole.
In setion-2 the metri tensor for a spherial symmetri gravitational eld is obtained. The Reissner-Nordstrom
metri for a harged blak hole is obtained in setion-3, where the eet of eletromagneti interation is taken
into aount. The setion-4 is devoted to the modiation of the Reissner-Nordstrom metri by introdution of an
additional term arising from strong interation Regge physis. In setion-5 the area of the extremal blak hole is
obtained using the modied metri. The entropy of the blak hole is alulated in setion-6 and setion-7 is devoted
to onluding remarks.
2. THE METRIC TENSOR
As is well known, the metri tensor gµν(x) is related to the line element dτ by
dτ2 = gµν(x) dx
µdxν . (13)
We give the details of the symmetry of the loal geometrial objet gµν(x) whih is a symmetri ovariant tensor. Let
gµν(x) and g
′
µν(x) be the original and the transformed omponents of gµν(x) at the same point x of the spaetime
manifold. For innitesimal mappings of the manifold mapping group(MMG) (author?) [9℄, the symmetry implies
g′µν(x)− gµν(x) = δ¯gµν ≡ −gµρξρ,ν − gρνξρ,µ − gµν,ρξρ = 0, (14)
where ξρ,ν =
∂ξρ
∂xν . The four vetors ξ
ρ
are the desriptors of the mapping and are the Killing vetors of the metri
gµν(x). If gµν = ηµν at all points of the manifold, where ηµν is the Minkowski metri, equation(14) beomes
ηµρξ
ρ
,ν + ηρνξ
ρ
,µ = 0. (15)
The general solution of equation(15) an be written as
ξρ = ερ + b ρσ x
σ. (16)
Here ερ and bρσ ≡ ηρµbσ µ = −bσρ are innitesimal parameters. So, the symmetry group of the metri tensor gµν is
the Poinare group.
The most general form of a spherially symmetri metri tensor gµν(x) is(author?) [9℄
g00(x) = f1(r, t), g0k(x) = f2(r, t) and gjk(x) = f3(r, t)δjk + f4(r, t)
xjxk
r2
; j, k = 1, 2, 3 (17)
where f1, f2, f3 and f4 are arbitrary funtions of r and t. In a nite region of spaetime it is always possible to redue
the most general spherially symmetri gµν to a form(author?) [9℄
g00(x) = a(r, t), g0k(x) = 0 and gjk(x) = −δjk + b(r, t)x
jxk
r2
, (18)
where a(r, t) and b(r, t) are funtions of r and t.
With a point mass M loated at the origin r = 0 and with xµ ={t, r, θ, φ} the spherially symmetri, stati
spae-time an be represented by the metri of the general form (author?) [10℄
dτ2 = −e2νdt2 + e2µdr2 + r2 (dθ2 + sin2 θ dφ2) (19)
where ν and µ are funtions of r and t.
The non-vanishing tetrad omponents of Riemann tensor are
4R1212 = R3131 = −1
r
e−2µ
∂µ
∂r
, (20)
R2020 = R3030 = −1
r
e−2µ
∂ν
∂r
, (21)
R1220 = R3030 = −1
r
e−2µ
∂ν
∂r
, (22)
R3232 = − 1
r2
(
1− e2µ) , (23)
and
R1010 = −e−µ−ν
[
∂
∂r
(
eν−µ
∂ν
∂r
)
− ∂
∂t
(
e−ν+µ
∂µ
∂t
)]
. (24)
The eld equations follow by setting the various omponents of Rii tensor Rµν equal to zero. The equation
−R01 = R2021 +R3031 = 2
r
e−ν−µ
∂µ
∂t
= 0, (25)
implies that µ is independent of t and is a funtion of only r, i.e., µ = µ(r). Further, the equation
R00 +R11 = −R3030 −R2020 −R3131 −R1212 = 0, (26)
gives
2
r
e−2µ
∂ (µ+ ν)
∂r
= 0, (27)
so that
ν = −µ(r) + f(t), (28)
where f(t) is independent of r and is an arbitrary funtion of time. By redening time so that ef(t)dt is replaed by
dt one an set f(t) equal to zero and hene
ν = −µ(r). (29)
Thus both ν and µ are independent of time and are funtions of only r.
Further, the Einstein's equation
−R22 = R0202 +R1212 +R3232 = 0, (30)
gives
2
e2ν
r
∂ν
∂r
=
1
r2
(
1− e2ν) ,
or,
(
1− e2ν) = 2re2ν ∂ν
∂r
= r
∂e2ν
∂r
,
or,
d
(
r e2ν
)
= dr,
5or,
r e2ν = r + const = r − 2M,
so that
e2ν = 1− 2M
r
= e−2µ. (31)
Here, the onstant M is the mass loated at the origin r = 0. So,the metri is
gtt = −
(
1− 2M
r
)
, grr =
(
1− 2M
r
)−1
, gθθ = r
2
and gφφ = r
2 sin2 θ. (32)
Thus, in a spherially symmetri, stati universe equation(32) represents the metri tensor gµν for a blak hole of
mass M . This is the Shwarzshild metri.
3. CONTRIBUTION FROM ELECTROMAGNETIC INTERACTION
If the blak hole is eletrially harged, the metri gµν is modied due to inlusion of extra term involving the
harge of the blak hole. In the presene of eletromagneti eld, the Einstein's eld equation of general relativity
gets modied. The Rii tensor Rµν is no more equal to zero and has an eletromagneti soure term,
Rµν = −2
(
ηαβFµαFνβ − 1
4
ηµνFαβF
αβ
)
, (33)
where Fµα is Maxwell's eletromagneti eld tensor and ηµν is the Minkowski metri. Beause of spherial symmetry,
the only non-zero omponent of the eld strength tensor Fµα is F01 = − Qr2 . So, in the Einstein's equation, instead of
R22 = 0, we get R22 = (F01)
2
= Q
2
r4 when eletromagneti interation is taken into aount. Now,
R22 =
1
r2
(
1− e2ν)− 2e2ν
r
∂ν
∂r
,
or,
r2R22 =
(
1− e2ν)− rde2ν
dr
= 1− d
dr
(
r e2ν
)
,
or,
d
(
r e2ν
)
=
(
1− r2R22
)
dr,
or,
r e2ν = r −
 r
∞
r′2R22(r′)dr′ + const.
or,
e2ν = 1− 2M
r
− 1
r
 r
∞
r′2R22(r′) dr′. (34)
where the onstant is −2M. Using the value R22(r) = Q
2
r4 , we get
e2ν = 1− 2M
r
− 1
r
 r
∞
r′2
Q2
r′4
dr′ = 1− 2M
r
+
Q2
r2
. (35)
6Thus, for a stati, spherially symmetri harge distribution, with total harge Q, the solution of Einstein's eld
equation leads to the Reissner-Nordstrom metri(author?) [10℄
dτ2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (36)
Unfortunately, this metri does not give the orret entropy-area relation for a harged, extremal blak hole. The
obvious reason is that the eet of strong interation has not been taken into aount, whih would ontribute a
1
r3
term to the metri oeients as shown below.
4. CONTRIBUTION FROM THE STRONG INTERACTION
In order to obtain the orret entropy-area relation for a harged, extremal blak hole, we modify the Reissner-
Nordstrom metri of equation(36) by introduing an additional term arising from strong interation. From strong
interation Regge physis we know that for a blak hole of mass M∗
α′M∗2 = N, (37)
where N = 0, 1, 2, · · · and α′ = 12 is the Regge slope. Here it is assumed that the mass M = M∗ of the blak hole
falls on the Regge trajetory or is very lose to it.
In order to inorporate the eet of strong interation, we onsider the QCD Lagrangian(author?) [11℄
L = −1
4
Fµνα Fαµν −
∑
n
ψ¯n (6 ∂ − ig 6 Aαtα +mn)ψn, (38)
where Fµνα is the olour gauge ovariant eld strength tensor, A
µ
α is olour gauge vetor potential, tα are the generators
of the olour SU(3) group with Tr (tαtβ) =
1
2δαβ , n is the label for the quark avour and g is the strong oupling
onstant. In order to investigate further, we note that a onstant, bakground non-abelian gauge eld Aµν (x) annot
be removed by a gauge transformation.
For suh a onstant, stati, bakground eld, the eld strength is(author?) [11℄
Fαµν = CαβγAβµAγν , (39)
whih has the gauge ovariant derivative DλFδµν = CδǫγCαβγAǫνAβµAλν . Here Cαβγ are the struture onstants.
The ontribution of the onstant, stati bakground eld an be inferred qualitatively from perturbation expansion
so that we have a term with
1
r3 times the usual one with eld AαβAβγAγµhaving the oeient
CαβγCβγµ → (const) δαµ (40)
The non-linear terms arising from strong interation give rise to additional ontribution to the Reissner-Nordstrom
metri as given below.
In the presene of both eletromagneti and strong interation, the soure term gets modied and the Rii tensor
R22 is now given by
R22 =
Q2
r4
− 2λ
v
M∗2
r5
=
Q2
r4
− 2λ
v
N
α′
1
r5
, (41)
where M∗ is the mass of the blak hole and α′M∗2 = N from equation(37).
The solution given in equation(34) now beomes
e2ν = 1− 2M
r
− 1
r
 r
∞
r′2R22(r′) dr′ = 1− 2M
r
− 1
r
 r
∞
r′2
(
Q2
r4
− 2λ
v
N
α′
1
r5
)
dr′,
7or,
e2ν = 1− 2M
r
+
Q2
r2
− λ
v
N
α′
1
r3
. (42)
The Reissner-Nordstrom metri of equation(36) now gets an extra
1
r3 term and the modied metri is given by
dτ2 = −
(
1− 2M
r
+
Q2
r2
− λ
v
N
α′
1
r3
)
dt2 +
(
1− 2M
r
+
Q2
r2
− λ
v
N
α′
1
r3
)−1
dr2 + r2
(
dθ2 + sin2 θ dφ2
)
(43)
The onstant λ
v
in equation(43) is determined from the ondition that the blak hole is to be extremal.
5. AREA OF THE BLACK HOLE
In order to nd the area of the event horizon of the blak hole, we need the metri oeients gθθ and gφφ whih,
in turn, are obtained from the equation(43) by reasting it as folows.
We onsider the ubi equation
1− 2M
r
+
Q2
r2
− λ
v
N
α′
1
r3
= 0, (44)
whose roots r0, r1 and r2 satisfy the relations
r0 + r1 + r2 = 2M, r1r2 + r0r1 + r0r2 = Q
2
and r0r1r2 = λv
N
α′
. (45)
Equation(45) has the solutions
r0 =
2
3
M − 1
6
√
4M2 − 3Q2 − 3
2
N
α′
+
1
2
√
4M2 − 3Q2 + 1
2
N
α′
, (46)
r1 =
2
3
M +
1
3
√
4M2 − 3Q2 − 3
2
N
α′
, (47)
and
r2 =
2
3
M − 1
6
√
4M2 − 3Q2 − 3
2
N
α′
− 1
2
√
4M2 − 3Q2 + 1
2
N
α′
. (48)
The solutions(46,47,48) will be real only if 4M2 ≥ (3Q2 + 32 Nα′ ). In order to alulate the event horizon, we must
have at least
4M2 =
(
3Q2 +
3
2
N
α′
)
. (49)
For an extremal blak hole, M = Q , and the ondition given in equation(49) beomes
Q2 =
3
2
N
α′
. (50)
In this ase, it is important to note that the area A of the extremal blak hole will no more be equal to zero.
For an extremal blak hole, the solutions (46), (47) and (48) beome
r0 =
2
3
M +
√
N
2α′
, r1 =
2
3
M and r2 =
2
3
M −
√
N
2α′
. (51)
8Substituting these in the relation r0r1r2 = λv
N
α′ of equation(45), we get
λ
v
=
M
9
. (52)
The metri of equation(43) now beomes
dτ2 = −
(
1− 2M
r
+
Q2
r2
− MN
9α′
1
r3
)
dt2 +
(
1− 2M
r
+
Q2
r2
− MN
9α′
1
r3
)−1
dr2 + r2
(
dθ2 + sin2 θ dφ2
)
. (53)
In terms of the solutions r0, r1 and r2 the metri an be reast as
dτ2 = −χ− 12 (r)
(
1− r0
r
)
dt2 + χ
1
2 (r)
[(
1− r0
r
)−1
dr2 + χ−
1
2 (r)r2
(
dθ2 + sin2 θ dφ2
)]
(54)
where χ−
1
2 (r) =
(
1− r1r
) (
1− r2r
)
. So, the metri oeients are
gθθ → r2
(
1− r1
r
)(
1− r2
r
)
, gφφ → r2
(
1− r1
r
)(
1− r2
r
)
sin2 θ. (55)
From equation(51) we get the produt
(r0 − r1) (r0 − r2) = N
α′
= 2N, (56)
whih is needed to alulate the area of the blak hole. Here, α′ = 12 is the Regge slope. The area of the event horizon
of the blak hole omes out to be
A =
 √
gθθ gφφ |r=r0 dθ dφ = 4pi (r0 − r1) (r0 − r2) = 4pi
N
α′
= 4piM
√
N
α′
= 4piM
√
2N. (57)
sine
N
α′ = M
2.
It may be noted that there is no multiplying fator like
(
M2 −Q2)(as in equation(12))whih tends to zero for an
extremal blak hole.
For a losed string like objet, there will be two equations like equation(44) with the last terms being λ
v,L
N
α′
1
r3 and
λ
v,R
N
α′
1
r3 . So, χ
− 1
2 (r) will beome
χ
− 1
2
L,R(r) =
(
1− r1
r
)(
1− r2L,R
r
)
, (58)
where r0 − r2L = 2NLα′ = 4NL and r0 − r2R = 2NRα′ = 4NR. The area of the blak hole beomes
Alose = 4piM
(√
4NL +
√
4NR
)
= 8piM
(√
NL +
√
NR
)
. (59)
6. ENTROPY OF THE BLACK HOLE
In order to alulate the entropy of the blak hole we need the enumeration of the physial modes and have to take
a 26 dimensional theory. In 26-D Nambu-Goto[12, 13℄ bosoni string, there are 24 physial bosons. Sine the normal
ordering onstant for eah boson is equal to − 124 , the total normal ordering onstant has the value a = −1. The total
number of open string bosoni states dn, is desribed by the generating funtion
G(ω) =
∞∑
n=0
dnω
n = trωN . (60)
9The generating funtion is evaluated by using the elementary methods of quantum statistial mehanis,
namely(author?) [14℄
trωN =
∞∏
n=1
(1− ωn)−N = [f(ω)]−N = [f(ω)]−24 , (61)
where
f(ω) =
∞∏
n=1
(1− ωn) , (62)
is the lassial partition funtion. For estimation of the asymptoti density of states, the behaviour of the funtion
f(ω), as ω → 1, is to be known. This is ahieved by using
f(ω) = exp
( ∞∑
n=1
ln (1− ωn)
)
= exp
(
−
∞∑
m,n=1
ωmn
m
)
= exp
( ∞∑
m=1
ωm
m (1− ωm)
)
∼ exp
(
−
(
1
1− ω
)( ∞∑
m=1
1
m2
))
∼ exp
(
−
(
1
1− ω
)
pi2
6
)
. (63)
We an projet out dn from G(ω) =
∑∞
n=0 dnω
n
by a ontour integral along a small irle about the origin,
dn =
1
2pii

G(ω)
ωn+1
dω. (64)
For large n, we have a sharply dened saddle point for ω near ω = 1. One nds that(author?) [14℄, as n→∞
dN ∼ (onst.) eπ
√
2N . (65)
So, entropy of the extremal blak hole, for open string, is
S = M ln dN =M pi
√
2N. (66)
From equations(66) and (57), the relation between entropy and area of the extremal blak hole, for open string, omes
out to be
S =
A
4
. (67)
This result was obtained for D = 26, where we have used 26 bosoni oordinates in our theory. We now proeed
to evaluate the entropy of a blak hole using a four dimensional theory, as we should. For this, we onsider a 4-D
bosoni superstring onstruted by one of us (BBD)(author?) [15℄. Here the four bosoni oordinates are added
to the remaining twenty two, i.e., 4 × 11 = 44 Majorana fermions that transform as Lorentz vetors - a bosoni
representation of SO(3, 1). This is an exat substitution in onrmity with Mandelstam's proof of the equivalene
between fermions and bosons in the anomaly free 26 -D Nambu-Goto string(author?) [12, 13℄ and is an ingeneous
way of introduing fermioni matter to the Nambu-Goto bosoni string.
In order to have supersymmetry, one should add both onformal and superonformal ghosts to the neutrino-like
Majorana term of the theory(author?) [16℄. Let the left handed and right handed neutrinos be desribed by the bare
mass term in the most general gauge invariant Lagrangian as
− Lbare = 1
2
∑
ℓℓ′
Bℓℓ′
¯ˆ
NℓLNℓ′R + h.c. (68)
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Now, using the identity ν¯ℓLNℓ′R =
¯ˆ
Nℓ′LνˆℓR, one gets
− Lmass = 1
2
(
ν¯L
¯ˆ
NL
)( 0 M
MT B
)(
νˆR
NR
)
+ h.c. (69)
Here, M and B are N ×N matries for N generations of fermions, and νL, NR et. are N element olumn vetors
ontaining elds from any generation. The mass matrix is symmetri and upon diagonalisation of the mass terms,
one gets 2N Majorana neutrinos. This an be seen by onsidering the simple ase of one generation, i.e., N = 1.
Here, the mass matrix is M =
(
0 M
M B
)
, where M and B are simple numbers. Using the orthogonal matrix
O =
(
cos θ − sin θ
sin θ cos θ
)
and the relation tan 2θ = 2MB , one an have
OMOT =
( −m1 0
0 m2
)
=
(
m1 0
0 m2
)( −1 0
0 1
)
= mK2. (70)
Here m is the matrix with positive eigenvalues and K2 is a diagonal matrix of negative and positive signs. One
nds that M = OTmK2O. Now using the olumn vetors
(
n1L
n2L
)
= O
(
νL
NˆL
)
and
(
n1R
n2R
)
= K2O
(
νL
NˆL
)
,
equation(69) beomes
− Lmass = m1n¯1Ln1R +m2n¯2Ln2R + h.c. (71)
Thus, the two eigenvalues obtained for a single generation are
n1 = n1L + n1R = cos θ (νL − νˆR)− sin θ
(
NˆL −NR
)
, (72)
and
n2 = n2L + n2R = sin θ (νL + νˆR) + cos θ
(
NˆL +NR
)
. (73)
Here νˆR and NˆL are onjugates of νL and NR respetively. We thus get
n1 = −nˆ1 and n2 = nˆ2. (74)
Both n1 and n2 are Majorana partiles with n1 + n2 = 11 and n1 − n2 = 1.
The ation whih we onsider is(author?) [16℄
S = − 1
2pi

d2σ

∂αXµ(σ, τ)∂αXµ(σ, τ) − i 6∑
j=1
ψ¯µ,j(σ, τ)ρα∂αψµ,j(σ, τ) + i
5∑
k=1
φ¯µ,kψ¯µ,j(σ, τ)ρα∂αφµ,k(σ, τ)

 . (75)
Here,Xµ is the bosoni eld of the 26-D theory. The fermioni elds are ψµ and φµ, with ∂α = (∂0, ∂1) = (∂σ, ∂τ )
and ρ0
(
0 −i
i 0
)
, ρ1
(
0 i
i 0
)
; φ¯ = φ†ρ0.
The value of the normal ordering onstant a = −1, must remain unhanged in a superstring whih is onformally
and superonformally invariant. The number of bosons is to be alulated in suh a way as to have the value of
the normal ordering onstant as a = −1. Out of the 44 fermioni modes, only 40 orrespond to physial modes,
beause in all, there are six onstraint equations - two onstraints due to the vanishing of the energy momentum
tensor, and four more onstraints due to vanishing of the two speies of urrents due to the ψ and φ fermions
in the ation of equation(75). The 40 fermions aount for − 4048 of the normal ordering onstant and the remaining
− 848 = −4× 124 must be aounted for by four massless photon-like bosons. There are only two transverse oordinates,
ontributing − 448 . The longitudinal omponents whih have been fermionised must be rebosonised. The reason is
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that the Majorana fermions φ's of the ation(75) in the last term having the phase freedom for reation operators
satisfying the antiommutation relation
{φµ(σ, τ), φ†ν (σ′, τ)} = −ηµνδ(σ − σ′), (76)
has a negative sign instead of the usual positive sign and ghosts in the normal sense. These fermions aount for
two urrent onstraints out of the total four. It is possible to bosonise the fermions whih are propagating on a
irle(author?) [13℄. One of the two rebosonised bosons φ†(σ) has the normal mode expansion for open strings
φ†(σ) = φ0 + σp0 + i
∑
n6=0
1
n
φne
inσ, (77)
and the Hamiltonian for one boson is
H = p
2
0
2
+
∞∑
n
nφ−nφn − 1
24
, (78)
with [p0, φ0] = −i and [φn, φm] = nδm+n, just like the transverse bosoni modes of the string with normal ordering
for one boson as − 124 . Hene these must be ounted as they are like the physial states of the larger of the two Fok
spaes of the superonformal elds of the string theory in all aspets(author?) [17℄. The normal ordering onstant
from these two rebosonised ones will be −2× 124 = −4× 148 , so that the value of the total omes out to a = −1.
The number of the physial fermioni level density is now
N
phys
F =
∑
µ=1,2
b
6,µ
− 1
2
b 1
2
,6,µ +
∑
µ=0,3
b
′5,µ
− 1
2
b′1
2
,5,µ +
3∑
µ=0
5∑
j=1
b
j,µ
− 1
2
b 1
2
,j,µ +
3∑
µ=0
4∑
k=1
b
′k,µ
− 1
2
b′1
2
,k,µ = 2− 2 + 20− 16 = 4, (79)
sine b′−r = −b′†r and b−r = b†r are the quanta of the fermioni elds ψ and φ. Furthermore, the number of bosoni
level density is
N
phys
B = N
tr
B +N
BFB
B = 2 + 2 = 4. (80)
HereN trB are the two transverse modes andN
BFB
B are the modes for the longitudinal bosons whih had been fermionised
and again rebosonised to aount for the normal ordering onstant for the entire enlarged Fok spae. The above
equality of both N
phys
F and N
phys
B to 4, thus ensures the supersymmetry of the physial states.
The degeneray dn is now obtained from the generating funtion
G(ω) =
∞∑
n
dnω
n = tr ωN = 4
∞∏
N=1
(
1 + ωN
1− ωN
)4
, (81)
with ω = e−2iπ/r. Here, as explained earlier, NB = NF = 4 and the ground state degeneray is also equal to 4.
Asymptotially, i.e., as ω → 1, we have
G(ω) ∼ e2π2/(1−ω), (82)
whih yields
dN =
1
2pii

G(ω)
ωN + 1
dω ∼ eπ
√
2N . (83)
For a losed string, we have α′M2 = 2 (NL +NR) instead of α′M2 = N . In this ase, the level densities, again
being statistial,
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dloseN = dNL · dNR ∼ exp
(
2pi
(√
NL +
√
NR
))
. (84)
The orresponding entropy is
Slose = M ln dloseN = 2piM
(√
NL +
√
NR
)
. (85)
From equations(85) and (59), we get the entropy-area relation for extremal blak hole, for losed string, as
Slose =
Alose
4
. (86)
Thus equations(67) and (86) reprodue the exat Bekenstein-Hawking relation between entropy and area of blak
holes.
7. CONCLUSIONS
It is interesting to note that the modied metri for the blak hole gets ontribution of the
1
r term from gravita-
tion, the
1
r2 term from eletromagnetism and the additional
1
r3 term from strong interation . Thus all the known
interations are enompassed by the blak hole physis, speially in obtaining the Bekenstein-Hawking entropy-area
law.
It is worth mentioning that, the previous attempts to obtain the area of extremal blak holes in four dimensions
having failed, one has to onsider D-branes and extended solitons. The blak holes are treated in higher dimensions
rather than in four dimensions. Our present result, in four dimensions, dispenses with the need to go over to ve
dimensions and extended solitons. The orret entropy-area relation omes from the known onepts of general
relativity and high energy physis.
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